We calculate the gauge invariant overlaps for Schnabl/Kiermaier-Okawa-RastelliZwiebach's marginal solution with nonsingular current. The obtained formula is the same as that for Fuchs-Kroyter-Potting/Kiermaier-Okawa's marginal solution, which was already computed by Ellwood. Our result is consistent with the expectation that these two solutions may be gauge equivalent. We also comment on a gauge invariant overlap for rolling tachyon solutions in cubic open string field theory. *
using φ(z) in the upper half-plane for a primary field with dimension h, are specified by
On the other hand, FKP/KO's solution is given by (Appendix B) dx kJ (x 1 )J(x 2 ) · · ·J (x k )|0 .
(1 . 5)
In order to satisfy the reality condition, we should apply a gauge transformation by (n−1)
(n−1)
where I =Û 1 |0 is the identity state, then = P α * (1 + λ mψm * A (α+β) ) −1 * λ mψm * P β , where P α =Û α+1 |0 ,
. In this paper, we set α = β = 1/2 for simplicity. Other solutions, except for α = β = 0, can be obtained using the relation
, which gives the same value of gauge invariant overlaps thanks to Eq. (1 . 10).
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The gauge invariant overlap O V (Ψ ) is defined by
where I|V (i) = γ(1 c , 2)|V c 1c corresponds to an on-shell closed string state and γ(1 c , 2)| is Shapiro-Thorn's vertex, 14) which relates the closed string Hilbert space (1 c ) to the open string Hilbert space (2) . |V c = c 1c1 V m (0, 0)|0 is given by a matter primary field V m (z,z) with dimension (1, 1). We consider Ψ 
In the first line, L n denotes the total Virasoro generator, which has zero central charge. The first line can be derived from the second line and BRST invariance:
The rest of this paper is organized as follows. In the next section, we compute gauge invariant overlaps for two types of marginal solutions by rewriting string fields appropriately. In §3, we comment on gauge invariant overlaps for lightlike and timelike rolling tachyon solutions using the result in §2. In Appendix A, we rewrite Schnabl's solution for tachyon condensation in the same way as marginal solutions in §2. In Appendix B, we briefly review FKP/KO's marginal solution and fix our conventions. In Appendix C, we derive symmetries for on-shell closed string states using the Shapiro-Thorn vertex. §2. Evaluation of gauge invariant overlaps for marginal solutions
We will rewrite the marginal solutions in order to evaluate gauge invariant overlaps easily using symmetries (1 . 10), (1 . 11) and (1 . 12) of on-shell closed string states. Schnabl/KORZ's marginal solution can be decomposed in the same way as Ψ S λ (Appendix A) because the ghost sector of ψ m,k+1 (1 . 2) is similar to ψ r (A . 2). From (A . 4), (A . 5) and r L 0φ (z)r −L 0 = r hφ (rz) for a primary field φ with dimension h, we rewrite ψ m,k+1 as
Then we have
where we have used the relations: e αK 1J (z)e −αK 1 =J (z + α), (A . 6), (A . 7) and
3)
The boundary operatorJ (z) on the sliver frame with dimension 1 is related to the one on the unit disk w = e 2iz , which we denote by J w (w), asJ(z) = |2ie 2iz |J w (e 2iz ). Using J w and
where the arguments are given by changing the variables as
(2 . 10)
It induces the Jacobian
which cancels the extra factor of the first term of (2 . 2). The integration region D is deter-
and the volume is computed as
We note that the nonsingular current J w s can be exchanged without singular behavior. Therefore, by noting (C . 4) and using U
, the integration in (2 . 9) can be rewritten as that on the unit circle:
In the last equality, we note that any k + 1 points specified by coordinates θ l (∈ R mod 2π) 
In this case, noting the volume
and using the fact 3) that any n points specified by coordinates θ l (∈ R mod 2π) (l = 0, 1, · · · , n − 1) can be chosen, such as θ 0 − θ l ≤ 2π n l, θ 0 ≥ θ 1 ≥ · · · ≥ θ n−1 , by shifting the origin and exchanging them for each other appropriately, (2 . 15) can be rewritten as
From decompositions of Schnabl/KORZ's (2 . 14) and FKP/KO's (2 . 17) marginal solutions, the symmetries of the on-shell closed string state I|V (i): (1 . 10), (1 . 11), (1 . 12), and
we have
The second equality was already shown in Ref. (n + 1)V µ α µ n . Therefore, polarization ζ µν for the on-shell closed string state should satisfy the transversality condition
Applying the formula for gauge invariant overlap (2 . 18), we have
Here, we have used
which is a CFT correlator in the linear dilaton background on a disk with a fixed zero mode such as
. Substituting a concrete expression for A µν (x), which was explicitly computed in §5 in Ref. 10) , the gauge invariant overlap is evaluated as
On the other hand, the gauge invariant overlap O V ζ (Ψ ) for Schnabl's solution for tachyon condensation Ψ S λ=1 can be evaluated using the result in Eq. (3.28) in Ref. 4 ) with the normalization
in this case. Namely, we have
Comparing the above expression and (3 . 3), we obtain the relation On the other hand, one can formally evaluate the gauge invariant overlap with the zero momentum graviton V m = ζ µν 2∂X µ∂ X ν in the same way as in the above lightlike case using the formula (2 . 18) and A µν (x) computed in Ref. 17) :
(3 . 7)
If one adopts the limit λ m → +∞ in the integrand naively, it seems to converge to the value for Schnabl's solution for tachyon condensation:
However, the limit for the flat space may be too naive because λ m -dependence should be absorbed by shifting the origin of x 0 as an integration value of O V ζ (Ψ
S/KORZ λm
). It is desired to define and evaluate local gauge invariant quantities in string field theory in order to investigate such a limit.
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The Schnabl's solution Ψ S λ with parameter λ is given by
The string field ψ r can be rewritten as
Furthermore, noting the anticommutation relation {b p ,c(x)} = (1/2) sin 2x(tan x) p , we have
which imply that ψ r (A . 3) can be rewritten as 
Using the above result, we have 1) , we obtain formulas (1 . 10), (1 . 11) and (1 . 12).
We note that the level-matching projection P = 
1 , (C . 4) which follows from (C . 1).
